Abstract. We give a correspondence between non-trivial solutions to a parametric family of cubic Thue equations
Introduction
We consider the following parametric family of Thue equations
for integer m and nonzero integer k. We may assume that −1 ≤ m and k > 0 because if (x, y) is a solution to (*) then (−x, −y) becomes a solution to F m (X, Y ) = −k and (−y, −x) becomes a solution to F −m−3 (X, Y ) = k. For cubic integer k = a 3 , the equation (*) has three solutions (a, 0), (0, −a), (−a, a).
We call solutions (x, y) to (*) with xy(x + y) = 0 the trivial solutions.
In the case of k = ±1, Thomas [Tho90] showed that for n := m + 1 ≥ 1.365 × 10 7 the equation F m (X, Y ) = ±1 has only the trivial solutions (±1, 0), (0, ∓1), (∓1, ±1) and for 0 ≤ n = m + 1 ≤ 10 3 non-trivial solutions exist only for m = −1, 0, 2 (i.e. n = 0, 1, 3). Mignotte [Mig93] solved completely the equations F m (X, Y ) = ±1. He proved that for −1 ≤ m non-trivial solutions occur only for m = −1, 0, 2.
For −1 ≤ m and k = 1, all solutions to F m (X, Y ) = 1 are given by trivial solutions (x, y) = (1, 0), (0, −1), (−1, 1) for an arbitrary m and additionally (x, y) = (−1, 2), (2, −1), (−1, −1), (4, −9), (−9, 5), (5, 4) for m = −1, (x, y) = (1, −3), (−3, 2), (2, 1) for m = 0, (x, y) = (−2, 9), (9, −7), (−7, −2) for m = 2 (cf. also the text book [Gaa02, p.54]). Note that if (x, y) is a solution to (*) then (y, −x − y) and (−x − y, x) are also solutions to (*) because F m (X, Y ) is invariant under the action of the cyclic group C 3 = σ of order three where
Mignotte-Pethö-Lemmermeyer [MPL96] studied the equation (*) for general k ∈ Z and gave a complete solution to Thue inequality |F m (X, Y )| ≤ 2m + 3 = 2n + 1 with a result of [LP95] . For −1 ≤ m and 1 < k ≤ 2m + 3, all solutions to (*) are given by trivial solutions for k = a Let Q(t) be the rational function field over Q with variable t. We take a polynomial
which is generic for C 3 over Q in the sense of [JLY02] . For t = m ∈ Z, the splitting fields
The aim of this note is to give the following theorem which asserts a correspondence between some solutions to (*) and isomorphic simplest cubic fields. 
Moreover integers m, m ′ and solutions (x, y) to (**) satisfy
Note that (i) the discriminant of f C 3 m (X) with respect to X equals (m 2 + 3m + 9) 2 , and (ii) if (x, y) is a solution to (**) then (−x, −y) is a solution to F m (x, y) = −k < 0.
In [HM] , we showed that for a fixed m ∈ Z there exist only finitely many integers Okazaki [Oka02] investigated Thue equations f (X, Y ) = 1 for irreducible cubic forms f (X, Y ) with positive discriminant and established a very strong result on gaps between solutions. Using this gap principle, Okazaki also showed the following theorem: 0, 1, 2, 3 , 5, 12, 54, 66, 1259, 2389}. In particular,
Although a proof of Theorem 2 seems to be unpublished yet (up to now), a brief sketch of the proof is available at http://www1.doshisha.ac.jp/~rokazaki/papers.html as a presentation sheet (cf. also [Wak07, §1] ).
As a consequence of Theorem 1 and Theorem 2 we obtain the following corollaries:
Corollary Table 1 .
We remark that if we assume Okazaki's result (Theorem 2) then by applying Theorem 1 to given m and m ′ , we may get all solutions to (**) without computer.
Proof of Theorem 1
In [HM] , by using formal Tschirnhausen transformation, we gave the following theorem as an analogue to the results of Morton [Mor94] and Chapman [Cha96] . [HM] ). Let K be a field of char K = 2. For m, m ′ ∈ K, the splitting fields of f 
We use Theorem 5 in the case where K = Q.
Assume that there exists an integer
Hence it follows z = 0. We put u := 1 z then the condition (1) can be written as
Write u = x/y as a quotient of relatively prime integers x, y. Then there exist relatively prime x, y ∈ Z such that
In particular, we have
We will show that k := F m (x, y) divides (m 2 + 3m + 9).
Put h(u) := (m 2 + 3m + 9)u(u + 1) and f (u) := F m (u, 1). We take the resultant R := Res u (h(u), f (u)) of h(u) and f (u) with respect to u. We see R is also given of the form R = m 2 + 3m + 9 m 2 + 3m + 9 0 0 h(u)u 2 0 m 2 + 3m + 9 m 2 + 3m + 9 0 h(u)u 0 0 m 2 + 3m + 9 m 2 + 3m + 9 h(u)
2 − 2mu − u − m − 5, q(u) = −(m 2 + 3m + 9)(2u + 1).
By (3) and (4), we have
Put H(x, y) := (m 2 + 3m + 9)xy(x + y),
Q(x, y) := −(m 2 + 3m + 9)y(2x + y).
Then it follows from u = x/y that H(x, y)P (x, y) + F m (x, y)Q(x, y) = (m 2 + 3m + 9)y 5 .
Because the cubic forms F m (X, Y ) and H(X, Y ) are invariants under the action of σ 2 : Y −→ X −→ −X − Y , we also get H(x, y)P (−x − y, x) + F m (x, y)Q(−x − y, x) = (m 2 + 3m + 9)x 5 .
Hence by (2) we have Since x and y are relatively prime, we conclude that k = F m (x, y) divides (m 2 + 3m + 9).
Conversely if there exists relatively prime x, y ∈ Z such that k = F m (x, y) divides (m 2 + 3m + 9) then we can take m ′ ∈ Z as m ′ = m + (m 2 + 3m + 9)xy(x + y) F m (x, y) or − m ′ − 3 = m + (m 2 + 3m + 9)xy(x + y) F m (x, y) .
Note that m = m ′ or m = −m ′ − 3 if and only if xy(x + y) = 0.
